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Abstract. This paper establishes the Bohr inequality with respect to the spherical chordal distance for the class of analytic
functions mapping the unit disk in the complex plane into the punctured unit disk.

INTRODUCTION

Let

flz)= ianz"

n=0

be analytic in the unit disk U = {z:|z|<1} of the complex plane satisfying |f(z1 <1 in U. Bohr [1] in 1914 showed
that these functions satisfy

a z"|£1 (1)

in the disk |z|<1/6. This result became known as the Bohr theorem. The radius 1/6 was later improved independently
to the sharp constant 1/3by Wiener, Riesz and Schur (see [2-4]). Analogous results to the Bohr for several complex

variables have been established by replacing U with a complete Reinhardt domain [5], a unit ball or hypercone in
higher dimensions [6].
An equivalent form for (1) is

o0
n=1

anz"| Sl—laolzd(ao,aU),

where d and OU denote respectively the Euclidean distance and the boundary of U . Generally, a class of analytic

(or harmonic) functions f (Z)= Zioanzn in U is said to have a Bohr phenomenon (first introduced in [7]) if there

exists a number 0 < p, <1 satisfying

a,z"|<d(a,,0 /(U))

00
n=1
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for all |z|< po - The constant p, is then known as the Bohr radius for this class of functions (with respect to the
Euclidean distance). Under this definition, the Bohr radius 1/3 has been found to hold for the class of convex

functions [8] and the class of analytic functions mapping U into the exterior of the closed unit disk [9].

This paper discusses the Bohr phenomenon for the class H|, consisting of analytic functions mapping U into the
punctured unit disk U, =U\ { 0} . Instead of the Euclidean distance, the following spherical chordal distance will be
used:

|Zl_22|

1’1+|Z1 ﬂl+|z2

21,22

Note that A(ay,8U,)=min{ A(la,}; 0} A(a,|:1)} and

>1, if |a >‘\/5_1’
ﬂ(laol,o)z\/zlaol <1 lfIaZI<\/E—1
Mao 1) 1-]ay| =1, i fag|=V2 ~ 1.

Thus
Mag) 1) if Jag) > +2 -1,
Mag,0Uy ) =1 Allag), 0) if [ag| < V2 -1,

ﬂ.(la0|,0)=l(|a0|, 1), if |a0|=\/5—1.

Given an analytic function f (Z)= znzoanzn , define

n=0

It is evident that both power series anoanzn and Zn:0|an|2" have the same radius of convergence. The

n

following properties will be needed in the sequel. Let g1(2)=2j:0anz and gz Z b,z" be two analytic

functions. Then

0

(&1 + &) ()= e, +b,J2" =X o+ o I

n=0

n=0
= fa "+ Dol =21 )+ 22 )
n=0 n=0

and
n

a,_;by

(g1g,) (|Z|)=nzo:; 2,
(S [ Skt - e )

n

o0 n
n n
. sz[ s ||bk|}|z|
k

n=0 \ k=0
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MAIN RESULTS

LEMMA 1. Let f be an analytic function mapping the unit disk U into itself. If J2-1< |f (0] <1, then f *(z)e U,
for |2 <1/3.

PROOF. Write f (Z)=a + Zw lanz" and without loss of generality, assume that 2 —1<a<1. Let @=exp (2—711) be
n= n

the n -th root of unity. As U is convex and Zwk =0, the analytic function
k=1

ole)=2 > rlotz) = [rlae)+ o) s slor2]

k=1
1 7 n

=—|na+ o* la,z+ 0" la,z? +-+na,z" +---
n = =

mn
mn z

)

_ n 2n _

=a+a,z +a,,z +--=a+ E a
m=1

has its image in U . Letting z" = ¢, the function

is again an analytic function mapping U into itself. Applying the Schwarz-Pick Lemma gives

la,|= ' (0)<1-|p(0)" =1-a?.

Thus for |z| <1/3,

* " n 1—a®> 2a-1+d?
|f (z}Za—ﬂZ:]:|a,,||z| >a— = > s (2)
and
0 2 2
1z as Y fa " <as =2 3)
n=1

Since a>v2-1 implies 2a—1+a2/2>0, inequality (2) gives |f*(21>0. On the other hand, a<l1 implies

2a+1-4a%/2 <1 and so inequality (3) gives |f*(zj <l. =

REMARK 2. The inequalities (2) and (3) yield the following important inequality:

2 ®© 2 2
2&1-;-}-61 < f‘*(lzl):a-ﬁ-zlanllzln <a+ 1—261 _ 2a +;—a ) (4)

n=1

REMARK 3. The condition in LEMMA 1 cannot be removed. Consider the M&bius transformation ¢ in U,

050002-3



qﬂ( )_z+a —a+(1—a )z nl n7 0<(1<(\/ﬁ_3)/4<1/\/5-

1+az

Then

* z+a el n z—a a+(1—2a2)z
= = 1- =2 = .
(0() l+az at(l-a )Z : a+1 az l—az

Note that

! 2)
¢7*(Z): a+\l-2a" )z -0

1—az

if and only if a+ (1 - 2a2)z =0, that is, for z= —a/(l —2a2). However, a/(l —2a2)< 1/3  holds for
O<a< (\/ﬁ - 3)/4 ~0.28077 which implies ¢ (zo)z 0 for some |z,|<1/3.

LEMMA 4.1If f € H, then for | <1/3,

A1 0<|r0)]<V2-1.
<1, \/5—1§|f(0)|<

PROOF. Write f =a+ Z a,z" where |z| <1/3. Suppose that 0<a <+/2—1 . Then

a

,/il+a2 )

a,0U,)=Ala,0)=

Note that

1-a?

\/(1+a2X4+(2a—1+a2)2).

Z(a,(2a—1+a2)2)7 l/a—a

Aa.0Uy) _1/4+(2a—1+a2)2

provided 1/a* +a? —6—(2a—1 +a’ )2 >0, which is true for all ae (0,\/5—1). Thus (4) and (5) give

A, Ra-1+a?)2)=

Hence

>1 (5)

l(a, f* (Izl))> ﬂ(a, (Za —1+a? ) 2)> ﬂ(a, 6U0)
Suppose now that V2-1<a<1 Then

l—a

,/211+a2 '

Ma,0U,) = Ala,1)=

Note that
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1-a?

\/(1+azx4+(2a+l—a2)2).

Aa.a+1-a2)2)=

Hence
i(a,(2a+1—a2)2)_ \/E(l+a)

Aadvy) Ja+ari-a)

<1 (6)

provided a*—4a’+3=(1-a)3+3a+3a>~a*)>0. As 3+3a+3a’—a’>0 for ae[ﬁ—l,l), it follows that
a*—4a* +3>0 forall ae [\/5—1,1). Thus (4) and (6) give

Aa, 1 () < Ala, a+1-a?)2) < Aa, 00, ) -

Define two subclasses of H|, as follows:

H, ={f e Hy:0<|f(0) <2 -1
and

i, ={r e Hy N2 -1<|7(0) <1},

where H, UH, =H, and H,H, =¢ . As mentioned earlier, the Bohr phenomenon stated in the following results

considers the spherical chordal distance 4 instead of the usual Euclidean distance.

THEOREM 5. The class H, has Bohr phenomenon and the Bohr radius is 1/3. The Bohr phenomenon does not
occur in the class H, .
PROOF. The result follows from LEMMA 4. To show the Bohr radius is 1/3, consider the function

—Zz

f(z):exp[—ai+2], zelU

for some real @ so that v/2 —1<e™ <1. The Taylor series expansion for f is

e € =l n=1
1 1 o(24)"<

Lo lyRAES sl
e € =l m: n=m\ $;+8,+:--5,,=n

where sq,S,, ..., S, are positive integers and the latter sum is taken over all m -tuples (sl,sz,...,sm) satisfying
s +s, +--+s,, =n. Thus
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which yields

Thus for zeU ,

and it follows that
e, 1 ()= 2. () (1)

by the definition of 4. Let b= f(0)= e >0 .Since a=-logh, f can be written as

1+z

f(z)=exp [Tr—zlogbj:bexp (lz—zlong:bH. (8)
. —.

Let |z| =r . Note that

ﬁ
A b,b1r 2
V2b 1-b 2

= x ->—>1
A(b,1) \/ o 1-b  l-r
1+blr

if and only if »>1/3 as b—1. Consequently, together with (7) and (8),
I
l(f*(r), b)z ﬂ,[b, bl J > Ab,1)=Alb,0U,)
for r>1/3 as b—1. Thus the value 1/3 is best possible. =

COROLLARY 6. The Bohr phenomenon does not occur in the class H,.
PROOF. THEOREM 5 and the fact that H, c H,. =
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